Surface stress measurements using atomic force microscopy ͑AFM͒ require theoretical knowledge of the surface stress induced deformation of AFM cantilever plates. In a companion paper ͓J. E. Sader, J. Appl. Phys. 89, 2911 ͑2001͔͒, a detailed theoretical study of the effects of homogeneous surface stress on rectangular AFM cantilever plates was presented. Since cantilevers of both rectangular and V-shaped geometries are used widely in practice, a corresponding theoretical study for V-shaped cantilevers is presented here. In line with the companion study, an assessment of Stoney's equation is given, together with the presentation of greatly improved analytical formulas and rigorous finite element results.
I. INTRODUCTION
Since its invention, 1 the atomic force microscope ͑AFM͒ has developed rapidly into a versatile tool with applications in many areas of materials science. These include its original functionality in the imaging of surfaces, and more recent applications dealing with the measurement of interfacial forces and characterization of material properties. [2] [3] [4] [5] [6] [7] [8] [9] One such application in the latter class involves the use of AFM cantilevers in the measurement of surface stress. [6] [7] [8] [9] The speed and sensitivity of AFM cantilevers, combined with the relative ease in which their deflections can be measured, have primarily driven this development. Essential to this application, however, is a theoretical model relating the deflection of a cantilever plate to a surface stress loading. To date, a simplistic theoretical model based on the deflection of an unrestrained ͑completely free͒ plate has been used, 6 -10 see Fig. 1 . The resulting formula is commonly referred to as Stoney's equation, 10 and predicts that the plate bends with uniform curvature,
where s ϩ and s Ϫ are the surface stresses applied to the upper and lower faces of the plate, respectively, t is the plate thickness, E is the Young's modulus of the plate, its Poisson's ratio, and R is the radius of curvature of the plate. Clearly, the prediction of uniform curvature is not applicable to a cantilever plate, since by necessity one edge of a cantilever plate must be rigidly clamped. Consequently, the validity of Stoney's equation in such cases is questionable, and a detailed theoretical analysis of the effects of surface stress on cantilever plates is required to assess its applicability and establish the theoretical foundations of the technique. The establishment of these theoretical foundations is vital to AFM based surface stress measurements, which use cantilever plates exclusively.
Unlike the deflection of an unrestrained plate, whose exact analytical solution can be computed ͑and is given by Stoney's equation͒, the calculation of the surface stress induced deformation of a cantilever plate poses a formidable challenge. This necessitated the use of numerical and approximate analytical techniques in Ref. 11 , where the surface stress induced deformations of rectangular cantilever plates were studied. Importantly, it was established that Stoney's equation can result in significant errors when applied to rectangular cantilever plates of finite aspect ratio ͑length/width͒, and greatly improved analytical formulas were derived. Since V-shaped cantilever plates are also used extensively in AFM based surface stress measurements, it is essential to understand and be able to predict their surface stress induced response accurately. Consequently, in this article we rigorously analyze the surface stress induced deformations of cantilever plates with V-shaped geometries. As in the companion study, 11 our analysis is based on the small deflection theory of thin plates, and we use both numerical and approximate analytical techniques. In so doing, we present accurate numerical results for the deflections of V-shaped cantilever plates, assess the validity and applicability of Stoney's equation to V-shaped plates, and derive analytical formulas that greatly improve upon Stoney's equation. These results will facilitate accurate measurements of surface stress using V-shaped AFM cantilever plates.
The presentation is as follows: First, we present a brief outline of the underlying theory and equations used in this study. This is followed by analytical solutions for V-shaped AFM cantilever plates in Sec. III. In Sec. IV, results of the numerical analysis are presented, the applicability of Stoney's equation is assessed, and the accuracy of the analytical formulas presented in Sec. III are discussed.
II. BACKGROUND THEORY
We begin by outlining the background theory used to calculate the effects of surface stress on the deformation of V-shaped cantilever plates, a schematic illustration of which a͒ Electronic mail: jsader@unimelb.edu.au is given in Fig. 2 . A more detailed discussion of this background theory is given in the companion paper 11 and in Refs. 12 and 13.
Note that this theoretical framework is applicable to thin plates of arbitrary plan view exhibiting small deflections, where the effects of in-plane loading on the transverse ͑out-of-plane͒ deflections are negligible. [12] [13] [14] It is also assumed that the surface stresses are isotropic and homogeneous in nature, and are applied over the entire faces of the plate. The governing equation for the transverse deflection function w ͑i.e., displacement of the plate in the z direction, see Fig. 2͒ of such a surface stress loaded cantilever plate is then given by
As was discussed in Ref. 11, the application of surface stresses to the upper and lower faces of a cantilever plate is equivalent to moments being applied to all free edges. Consequently, to analyze the surface stress induced deformation of a cantilever plate we need only consider the latter problem; this approach will be used in this article. The associated boundary conditions at these free edges are
where DϭEt 3 /͓12(1Ϫ 2 )͔ is the flexural rigidity of the plate, ⌬ s ϭ s ϩ Ϫ s Ϫ is the applied differential surface stress, and n and s are the normal and tangential local coordinates at the edge, respectively, where (n,s) forms a local right handed coordinate system. These boundary conditions are supplemented by the constraint that the shear moments M ns are continuous at any unsupported corner.
At its clamped edge, the plate exhibits no displacement or rotation about any axis, i.e.,
In principle, Eqs. ͑2͒-͑4͒ can be used to analyze the effects of surface stress on any cantilever plate. However, exact analytical solutions of Eqs. ͑2͒-͑4͒ for cantilever plates are extremely difficult, if impossible to find. Consequently, to obtain rigorous and accurate solutions, these equations will be solved numerically using the finite element method, results of which will be presented in Sec. IV. These results will also be used to assess the accuracy and applicability of Stoney's equation to V-shaped cantilevers.
To derive analytical formulas that replace Stoney's equation in regimes where it is found inaccurate, we use an alternative yet equally rigorous approach. This involves assuming a functional form for the deflection function w, and subsequently minimizing the total potential energy ⌸ total of the plate
where ⌸ strain and ⌸ load are the strain energy and potential energy of the surface stress loading, respectively,
where the region of integration in Eq. ͑6a͒ is the plan view area of the plate, and the line integral Eq. ͑6b͒ is performed over the free edges of the plate, i.e., l is directed along the free edges. The accuracy of this methodology is limited only by the validity of the assumed form for w. If w is not constrained to any particular functional form, then Eqs. ͑2͒-͑4͒ are recovered upon minimization of ⌸ total .
III. ANALYTICAL SOLUTIONS
Using the above theoretical framework we now derive explicit analytical formulas for the surface stress induced deflections of V-shaped cantilever plates. Throughout, we shall focus primarily on the behavior at the end tip of the cantilever (xϭL; yϭ0), since this is the point measured normally in practice.
A. Curvature at the end tip
First, we examine the curvature at the end tip of a V-shaped cantilever plate. Since the shear moments at any unsupported corner of a plate are continuous, it follows that the moment tensor is isotropic at the end tip of the cantilever (xϭL; yϭ0). We emphasize that this conclusion is independent of the geometry of the plate, i.e., the aspect ratio b/L and arm width ratio d/b, see Fig. 2 . From the definitions linking the moments to the curvatures, 12 it then follows that the curvature of the end tip is uniform and is given exactly by Stoney's equation, Eq. ͑1͒.
We emphasize that the above conclusion pertains only to the curvature at the end tip of the cantilever, and does not hold for the displacement or gradient. Since the displacement or gradient is measured normally in practice, analytical formulas for their behavior at the end tip are essential. To derive such analytical formulas, we shall initially consider two limiting cases corresponding to the maximum and minimum values of the arm width ratio d/b, i.e., d/b→0 and d/b ϭ0.5. From these results, expressions that are globally valid for all arm width ratios d/b are then formulated by interpolating between these limiting solutions.
B. Limit of zero arm width dÕb\0
For the limiting case d/b→0, each arm of the cantilever is loaded in two ways: ͑i͒ edge moments are applied to the sides of each arm, and ͑ii͒ additional torques are applied at the end points of the arms, due to the geometrical constraints at xϭ0 and L. Since no other loading is applied, the curvature along each arm must be constant in regions away from the end points at xϭ0 and L. Since the cantilever and the applied load are symmetric about the x axis ͑i.e., yϭ0), it then follows that the deflection function is given by w͑x,y ͒ϭa 0 ϩa 1 xϩa 2 ͉y͉ϩa 3 x 2 ϩa 4 x͉y͉ϩa 5 y 2 , ͑7͒
where a 0 ,a 1 ,...,a 5 are constants to be determined. Importantly, for small yet finite d/b, the plate will deform with constant curvature everywhere except in very small regions near the ends of the arms, i.e., near xϭ0 and xϭL. In these regions, rapid variations in curvature ͑and stress͒ are expected in order to satisfy the clamp and symmetry constraints at xϭ0, and xϭL, respectively. Since the length scale of these curvature variations is given by the width d of the arms, the displacement and gradient are unaffected within these small regions in the limit as d/b→0.
Consequently, the displacement and gradient boundary conditions at xϭ0, and xϭL,
ϭ0, ͑8͒
can be applied directly to Eq. ͑7͒, which results in the following expression for the deflection function along the arms
The two remaining constants a 3 and a 4 are then evaluated by substituting Eq. ͑9͒ into the expression for the total potential energy of the plate Eq. ͑5͒, and obtaining the minimal solution. This gives the required expression for the deflection function
The variable yЈ is required only when evaluating the curvatures, since yЈ is zero everywhere on the plate. We emphasize that Eq. ͑10͒ gives the exact asymptotic results for the displacements and gradients at all points on the cantilever, in the limit as d/b→0. In addition, the curvature away from the end points xϭ0 and L, is also given exactly by Eq. ͑10͒ in this limit. However, Eq. ͑10͒ is incapable of predicting the moments or shear forces at the end points xϭ0 and L, since the stress boundary layers at these points have been neglected in its derivation. This is of no consequence, however, because ͑i͒ the exact expression for the curvature at the end point xϭL is known ͓and is given by Stoney's equation Eq. ͑1͔͒, and ͑ii͒ the curvature at xϭ0 is not required normally in practice.
C. Limit of maximum arm width dÕbÄ0.5
The upper limit of d/bϭ0.5 corresponds to the case where the arms are fully connected along the x axis ͑i.e., y ϭ0), 15 resulting in a triangular cantilever plate. An exact analytical solution is extremely difficult if at all possible to find in this case. Therefore, we employ a technique similar to that used for rectangular cantilevers in Ref. 11, which enables the derivation of an approximate analytical formula.
As discussed in Ref. 11, the deformation of any cantilever plate under a surface stress loading, which shall henceforth be referred to as the complete problem, can be decomposed into two subproblems:
͑1͒ Free problem: This is the deformation of the unrestrained plate ͑i.e., with the clamp removed͒ due to an applied differential surface stress, whose exact solution is given by Stoney's equation; ͑2͒ Correction problem: This is the deformation of the cantilever plate due to a specified displacement at its clamped end, w(0,y)ϭϪ⍀y 2 , ‫ץ‬w/‫ץ‬x͉ xϭ0 ϭ0 and no other loading.
The deflection function w for the complete problem is given by the sum of the deflection functions for these two subproblems, i.e., wϭw free ϩw corr , ͑12͒
where the subscripts ''free'' and ''corr'' refer to the free and correction problems, respectively, and w free ϭ⍀͑x 2 ϩy 2 ͒, ͑13͒
which is Stoney's equation. It is important to note that the correction problem gives the deviation in the behavior of a cantilever plate from the predictions of Stoney's equation.
To find the deflection function for the complete problem, all that remains is to solve the correction problem. This is performed by expanding the deflection function w corr (x,y) in a power series in y, and retaining the first two nonzero terms,
where f and g are functions of x only. To evaluate f and g, Eq.
͑14͒ is substituted into the expression for the total potential energy, which for the correction problem is simply the strain energy ⌸ strain , see Eq. ͑6a͒. Using calculus of variations, we then obtain the required governing equations for f and g,
Ϫ2g
, ͑15b͒
with boundary conditions
Equations ͑15͒ and ͑16͒ can be solved exactly, for which we obtain
and A is the aspect ratio as given in Eq. ͑11b͒. Substituting Eqs. ͑14͒ and ͑17͒ into Eq. ͑12͒ then gives the required expression for the deflection function of the complete problem,
where Xϭx/L and Y ϭy/L.
Importantly, we find that Stoney's equation is recovered in the limit as A→0 for XϾ0, which is expected from Saint Venant's principle. Furthermore, the curvature at the end tip is identical to the prediction of Stoney's equation, which is in line with the conclusions of Sec. III A.
D. Global solutions
Using the solutions above, we now present formulas for the displacement, slope, and curvature at the end tip of the cantilever, that are globally valid for all arm width ratios d/b(0,0.5͔. We construct these formulas by linearly interpolating between the limiting expressions for d/b→0 and d/bϭ0.5 in the displacement and slope. The exact expression for the curvature at the end tip is given by Stoney's equation.
This procedure gives the following explicit formulas for the displacement, slope, and curvature at the end tip (x ϭL; yϭ0) of the cantilever, w͑L,0͒ϭ⍀L
where the subscripts x and xx refer to the first and second derivatives with respect to x, respectively. Note that Eqs. ͑20a͒ and ͑20b͒ are approximate formulas ͑except for d/b →0), whereas Eq. ͑20c͒ is the exact solution for the curvature ͑and is identical to Stoney's equation͒. In the next section, we examine the accuracy of these formulas by presenting a detailed comparison with rigorous finite element ͑FE͒ results.
IV. RESULTS AND DISCUSSION
In this section, rigorous FE results 16 for the surface stress induced deformations are given, and the validity and accuracy of the analytical formulas presented in the preceding sections are assessed. In the FE method, the level of discretization was refined systematically to ensure an accuracy better than 0.1%. Since practical V-shaped AFM cantilevers typically have an aspect ratio A(ϭb/L) close to unity, we focus our discussion on cantilevers with aspect ratios in the range 0.5рAр1.5.
First, we examine the behavior of V-shaped cantilever plates with small arm width ratios, i.e., d/bӶ1/2. In the limit as d/b→0, the plate is predicted to deform with constant curvature everywhere, except for singular points at the clamp (xϭ0; yϭϮb/2) and the end tip (xϭL; yϭ0). We shall now investigate the validity of this prediction by giving a detailed comparison with the FE results. If the curvature is constant, it then follows that the principal moments per unit length are also constant along each arm, and the corresponding principal axis directions are fixed. From Eq. ͑10͒, the following formulas for the major principal moment per unit length M 1 and minor principal moment per unit length M 2 , are obtained,
where iϭ1, 2, and ␣ is the major principal axis angle measured anticlockwise from the x axis to the major principal moment axis.
In Tables I and II , a detailed comparison is given between FE results for d/bϭ0.02 and the predictions of Eqs. ͑21͒. The value of d/bϭ0.02 was chosen because it is close to zero and a direct numerical solution in the asymptotic limit d/b→0 is not possible. FE results for the principal moments and major principal axis angle were obtained at x ϭL/2, yϭb/4Ϫd/2, i.e., at a point midway along one of the arms, which is far from the end points xϭ0, L. Importantly, varying this observation point did not change the principal moments and principal axis angle, provided the observation point was greater than a distance of several arm widths d from the end points xϭ0, L. Note the excellent agreement between the predictions of Eqs. ͑21͒ and the FE results in all cases. It is important to note that FE results for the major principal axis angle ␣ are insensitive to Poisson's ratio , in agreement with Eq. ͑21b͒. This comparison illustrates the validity of the d/b→0 asymptotic solution for the deflection function, Eq. ͑10͒.
Next, we present numerical results for the behavior at the end tip (xϭL; yϭ0) of the cantilever for all arm width ratios d/b. The end tip is chosen, because it is measured normally in practice, as discussed above. In Figs. 3 and 4 , FE results for the displacement and slope at the end tip are given. Note that results are not presented for the curvature at the end tip, because this is given exactly by Stoney's equation.
The results in Figs. 3 and 4 have been scaled by the predictions of Stoney's equation, Eq. ͑13͒, and therefore, can be used also to assess its accuracy. From Figs. 3 and 4 , it is evident that large discrepancies exist between the predictions of Stoney's equation and the true behavior of the end tip. In contrast to Stoney's equation, the global solutions Eqs. ͑20͒ are formulated specifically for V-shaped cantilever plates. In Figs. 5 and 6 , we examine the accuracy of Eqs. ͑20͒ for the displacement and slope at the end tip (xϭL; y ϭ0). A similar comparison for the curvature shall not be presented since Eq. ͑20c͒ is the exact solution. We remind the reader that these global solutions have been formulated by linearly interpolating between the asymptotic formulas for d/b→0 and d/bϭ0.5. Consequently, at d/bϭ0.5 the limiting asymptotic solution for a triangular plate, Eq. ͑19͒, is recovered, and Figs. 5 and 6 can therefore be used to assess its accuracy. From Figs. 5 and 6, it is strikingly evident that Eq. ͑19͒ predicts the surface stress induced deformation of a triangular plate (d/bϭ0.5) very accurately, with errors in comparison to FE analysis of less than 0.6% for all cases considered.
Most importantly, from Figs. 5 and 6 it is clear that the global solutions, Eqs. ͑20͒, present a dramatic improvement over Stoney's equation for V-shaped cantilever plates of arbitrary geometry. In particular, the global solutions, Eqs. Table III . Note that the maximum error in Stoney's equation increases with increasing aspect ratio A, whereas the maximum errors in the new solutions, Eqs. ͑20͒, are relatively insensitive to the aspect ratio A. These results combine to indicate that the analytical solutions, Eqs. ͑20͒, should be used in place of Stoney's equation for calculating the surface stress induced deformations of V-shaped cantilever plates.
V. CONCLUSIONS
We have presented a detailed investigation of the surface stress induced deformation of V-shaped AFM cantilever plates. This included the presentation of accurate numerical results, obtained using the finite element method, and analytical formulas that have been derived specifically for V-shaped cantilevers.
Importantly, it was found that Stoney's equation exactly predicts the curvature at the end tip of V-shaped cantilever plates. The same conclusion is not true, however, for the displacement and slope at the end tip of the cantilever, where Stoney's equation can exhibit significant errors ͑up to 36% for aspect ratios 0.5рAр1.5). Consequently, explicit analytical formulas, Eqs. ͑20͒, were derived for the surface stress induced deformation of V-shaped cantilever plates of arbitrary aspect A(ϭb/L) and arm width ratio d/b. In the process, an exact analytical solution for the limiting case of infinitesimal arm width d/b→0 was also derived, and an approximate yet highly accurate formula for triangular cantilevers was given.
The analytical formulas for V-shaped cantilevers, Eqs. ͑20͒, present a dramatic improvement over Stoney's equation for the displacement and slope, exhibiting errors less than 4% for aspect ratios 0.5рAр1.5 and all arm width ratios d/b. Therefore, it is recommended that these formulas be used in place of Stoney's equation. The finite element results presented should be used if higher accuracy than that attainable with Eqs. ͑20͒ is required.
A companion study on the surface stress induced deformation of rectangular cantilever plates is given in Ref. 11 .
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the cantilever collapse to a single point (xϭ0; yϭ0). This free edge condition does not affect the plate deformation, except for the curvature immediately at this point. Hence, the deformation away from this point is identical to that of a triangular plate with the entire edge (xϭ0) rigidly clamped. Behavior at the point (xϭ0; yϭ0) is not required in surface stress measurements, and is therefore not considered here. 16 LUSAS is a trademark of, and is available from FEA Ltd. Forge House, 66
High Street, Kingston Upon Thames, Surrey, KT1 1HN, U.K. Quadrilateral elements were used along the skewed rectangular arms of the cantilever, and triangular elements were used near the end tip. Thin plate elements with linear interpolation were used throughout. 
